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2details of the data taking procedure, is presented in the next section. The denitions and notation, and details of
measurements of the screening masses and quark number susceptibilities are given in the following two sections, in
that order. The discussion and summary in the nal section is designed to facilitate use by those who are mainly
interested in applications of our results or wish to have an overview of future directions in lattice measurements of
susceptibilities.




ma  size statistics
0.00 0.025 5.2875 12
4
81






1.25 0.02 5.35 4 12
3
50
1.50 0.0125 5.420 4 12
3
50































TABLE I: Details of N
f
= 2 runs. The runs were made with a trajectory length of 1 MD time unit, a time step of 0:01 and
a conjugate gradient stopping criterion of 10
 5
p




ma  size statistics
1.5 0.0167 5.8941 4 24 10
2
800






3.0 0.0083 6.3375 4 16 14
2
7500
TABLE II: Details of new quenched runs. These runs supplement earlier ones discussed in [8].
We have simulated QCD with two avors of light dynamical staggered quarks (N
f




















. Most of our simulations consisted of generating dynamical congurations with two avors (N
f
= 2) of
dynamical staggered quarks with the sea quark mass, m, held xed in physical units atm=T
c
= 0:1 as the temperature
was varied. A small set of runs with m=T
c
= 0:075 was performed to check the magnitude of sea quark mass eects.
The run parameters and statistics collected are shown in Table I. We emphasize that holding the quark mass xed is
important for physics applications, whereas the older measurements xed m=T instead.
After a few tuning runs which reproduced the results of previous studies [9, 10], we chose to run with parameters
similar to those used in previous works with two avors of staggered quarks, i.e., trajectory length of 1 molecular











). It should be noted that very similar run
3parameters are often used in N
f
= 4 Hybrid Monte Carlo (HMC) runs, where a Metropolis choice ensures that the
correct weight for a conguration is obtained even for a nite number of time steps. For N
f
= 2 a bias-free estimate
of the weight is not guaranteed. In order to estimate systematic errors from this source we also made a test run with
half the step size but for the same trajectory length.
Part of the purpose of this work is a systematic comparison of screening masses with dierent numbers of dynamical
quarks. Details of our N
f
= 4 simulations are available elsewhere [11, 12]. Similar details of runs in quenched QCD
have been presented in [8]. However, we also generated a few sets of new quenched congurations. Details of the













FIG. 1: A diagnostic for thermalisation. The points at which the trajectory length was changed are marked by vertical arrows.
B. Setting the scale
Relative temperature scales, i.e., T=T
c
, can be deduced from previous estimates of critical couplings for various
values of N
t
at the quark masses of interest to us [10]. Thus, the temperature of a run with N
t













is known to be 167  17 MeV in physical units [2], this allows us to deduce the value of
lattice spacing, a, in physical units using the relation T = 1=(N
t
a). For those values of T which cannot be obtained
by simulations on lattices with dierent N
t
we use the two-loop beta-function of QCD to deduce the lattice spacing,
and hence the temperature. A recent global analysis of data assures us that this is possible [2]. The values of the
inverse lattice spacings appropriate to our measurements are given in Table I. The sea quark masses that we use are
m = 17 2 MeV (m=T
c
= 0:1) and 12 1 MeV (m=T
c
= 0:075).
Another way of setting the lattice spacing is to use previous lattice measurements of the  meson mass with the same
quark mass and coupling [13]. This gives us a lattice spacing 1=a = 58020 MeV at T
c
, and hence the dynamical sea
quark mass comes out to be m = 14:5 0:6 MeV (m=T
c
= 0:1) and m = 10:9 0:4 (m=T
c
= 0:075). This consistency





of lattice spacing [10].
The strange quark mass can be chosen in two dierent ways. One is to take the strange quark mass to be 75-













= 1:7{2:5. Clearly, in the limit when the light quark masses are more realistic, the two procedures should give
similar values. However, the heavier the strange quark mass is, the more strongly will it be subject to lattice artifacts.




= 0:75, corresponding to m
s
= 125 MeV. A realistic ratio of the
4strange and light quark masses will thus need future simulations with lighter u and d quark masses. Furthermore, the
fact that the strange quark is reasonably heavy in lattice units indicates that the unquenching eects on it would be
small, at least near T
c
.
C. Thermalisation and autocorrelations
Due to the fact that each conguration takes a long time to generate, a major issue in any Fermion simulation is to
identify when a run has thermalised. We monitored thermalisation through measurements of plaquettes, Wilson line,
the chiral condensate and the number of conjugate gradient iterations needed. Since plaquette measurements are not
very noisy, these were a good estimator of the approach to equilibrium. At temperatures above T
c
, the dierence of
purely spatial and mixed time-space plaquettes is nonzero, and it turns out to develop late during equilibration. This
was one of the best criteria we observed for closeness of approach to equilibrium. However, even more eÆcient was
a scatter plot of the stochastic estimator of the condensate (  ) against the number of conjugate gradient iterations
(N
cg
). As shown in Figure 1, a very denite directional movement occurs away from equilibrium, but as equilibrium is
approached the movement becomes a random walk within a well dened area in the plane of   and N
cg
. Monitoring
this scatter plot thus oered a possibility of tuning the algorithm to achieve fast thermalisation.
We did this by starting each run from an ordered conguration with small trajectory lengths (t ' 0:05 MD units).
As the simulation proceeded, the plot of   against N
cg
began to slow. When this happened we increased the
trajectory length in small steps until it reached unity or resulted in further motion. A post-facto check of the tuning
was obtained after subsequent runs veried that the system continued to perform a random walk without directed
movement. This method was developed in our earlier N
f
= 4 HMC runs and worked well also for these N
f
= 2 HMD
runs. Using this technique we often managed to achieve thermalisation in 20{30 units of MD time.
A second issue in the control of computer time is the matter of how often measurements of an observable can be
made so that two successive measurements are eectively decorrelated. We have estimated autocorrelation times from
a variety of gauge and fermion observables and found them to be small. Local operators such as plaquettes seem to be
essentially decorrelated in about 2 trajectories. Even long distance observables, such as the pion screening correlator
at the longest possible distance, are decorrelated in about 2{3 trajectories. In view of these results, we have taken
data for screening masses on every second trajectory, and for susceptibilities every tenth trajectory. This is justied,
a posteriori, by the fact that none of the screening masses is found to be very small.
III. SCREENING CORRELATORS AND MASSES
A. Symmetries and transfer matrices
Screening involves the transfer matrix in a spatial direction of the Euclidean nite temperature lattice. Thus,
screening correlators and masses are classied according to the symmetries of this transfer matrix, Screening masses













(x; y; z; t)
+
: (1)
The operators M (x; y; z; t) are made from combinations of quark and gluon elds which transform according to an
irreducible representation (irrep) of the symmetry group, and the angular brackets denote averaging over the correct













(x; y; z; t)
+
: (2)
Detailed discussions of the isometries of the lattice and irreps of the transfer matrix can be found for gluon operators
in [16, 17] and staggered quark operators in [15]. Here we only mention the features used in this work.
For operators made entirely out of gluon elds, \glueball" operators in the usual shorthand, the relevant symmetry
is that of a slice of the lattice. For screening correlators such a slice includes two spatial directions and the Euclidean
time direction. Since rotations of the spatial directions into Euclidean time are disallowed, the full cubic group, O
h
,
breaks down to the dihedral group, D
h
4
. For bilinear operators constructed from staggered quark elds, the \meson"






































































































































































































































































































































TABLE III: Representations of local and one-link separated staggered mesons that were used in this study. The table is
extracted from [15]. Here D






























. The spin/avor and particle assignments at T = 0 are standard. GRF
is the symmetry group of the T = 0 staggered fermion transfer matrix and

G that at T > 0.
and staggering of the quark elds. However, this transfer matrix also carries representations of D
h
4




has eight one-dimensional and two two-dimensional irreps.
In the continuum, the T = 0 symmetry group is that of O(3) rotations of the slice, and breaks down for T > 0 to
the symmetry group of the cylinder, C = O(2)  Z
2
. The lattice groups are subgroups of these continuum groups.




, which come from the J
z
= 0
components of the even and odd spin representations of O(3). There is a countable innity of two-dimensional real
irreps which span the spaces of J
z
= M for any J > 0. These also carry irreps of the remaining Z
2
subgroup which
corresponds to reections, t! t, in Euclidean time.
In the continuum limit the scalar irrep A
+
1






both collapse into the 0
+
irrep of the
cylinder group; hence these screening masses must be degenerate in this limit. The 0
 







hence this pair of screening masses must also become degenerate. The four remaining one-dimensional irreps B

1;2
collapse into the J
z




= 1 of O(2). All these
patterns of degeneracies have been veried in the glue sector of the SU (2) pure gauge theory [17].
These seemingly esoteric group theoretic constructions actually have very simple physical applications. It has long
been appreciated that in screening phenomena, particles of dierent spin may mix, and that dierent polarization
components may have dierent dispersion relations [18]. These correspond, respectively, to mixing of equal J
z
for
dierent J and the distinction between dierent J
z
for the same J . While we discuss only physics for T > 0 and zero
chemical potential here, it should be noted that the essential group theory lies in the inequivalence of the spatial and
temporal directions. This is also true at nite chemical potential, and hence this group theory is also relevant to such
future lattice computations.
B. Results
We have investigated the usual \local" staggered meson operators, i.e., those in which the quark and the anti-quark
both land on the same lattice site (see Table III). These are familiar from their T = 0 characters. The scalar 1
++
,
S, and the pseudo-scalar 1
+ 













, AV, can be further reduced. These give two dierent copies of A
+
1







irreps have been measured extensively before.
We have also made the rst ever T > 0 investigation of a class of \non-local" staggered mesons, one in which the
quark and the anti-quark are separated by one link (see Table III). These are made gauge invariant by including any




























1.5 4:21 0:01 3:67 0:02 3:51 0:01 5:32 0:08 5:44 0:08 5:6 0:1
2.0 4:528 0:008 4:08 0:01 3:744 0:001 5:64 0:02 5:72 0:04 5:6 0:1




1.5 4:6 1:1 4:6 1:0  4:4 1:1 4:4 1:0 
2.0 4:4 0:8 4:1 0:8 4:1 1:2 4:4 1:0 3:6 1:2 3:9 0:7
3.0 4:4 0:6 4:8 0:8 5:2 2:0 5:0 0:6 | 5:6 2:8
TABLE IV: Screening masses in units of temperature, M=T , in various \meson" channels. A cross indicates that no data exists,
and a dash that no stable measurement was possible. The N
f
= 4 results are from runs reported in [12].














We found that these relations are satised for almost all the correlators to great accuracy at all T . The only small
discrepancy is for the S/PS correlators at T = 1:5T
c
, where the relation is violated at the 68% condence level (but
not at the 95% condence level). In order to rule out the nite MD-time step errors as the source of this oddity, we
ran a second simulation at this coupling with half the time step. The results remained unchanged. Since our error
estimates are stable, we performed another run with N
z
= 24. On this longer lattice the S and PS agreed at the 68%
condence level.


























project out the mass
eigenstates in the chiral symmetric phase. We have also made single mass ts to these projections to check for
stability of the tted parameters. In addition we have extracted screening masses by constructing local masses with











where the correlation functions are estimated by a jack-knife procedure. In order to take care of covariance between
various measurements, we take the number of jack-knife bins to be much smaller than the number of measurements.
In the N
f
= 4 theory the B
1
























are the measurements of the correlators at dierent z,  is the covariance of these measurements, and the
hypothesis being tested is that h
i
= 0. With the data we have gathered in N
f

















= 16 in all these measurements, the number of degrees of freedom is 15. Thus, no alternative hypothesis
can be supported by our data at the 99% condence limit for T  2T
c
. For T = 3T
c
, where there might be a
signal, a one-mass t by the rst term of eq. (4) gave a coeÆcient about 3 away from zero, and a screening mass
M=T = 4:5 0:2. In the quenched theory, on the other hand, the situation was more like the N
f




correlator was compatible with zero. The ts also gave similar agreement with a vanishing correlator. More
detailed studies of the B
1
correlator with high statistics at several temperatures above 2T
c
might be of interest in the
future.
7The correlation functions in the remaining irreps are non-trivial. The screening masses obtained are listed in Table
IV, where we have also collected measurements made with quenched and N
f
= 4 dynamical staggered Fermions on
N
t
= 4 lattices. Note that the two sets of A
+
1
correlators, the S/PS and the V/AV, give dierent screening masses.
The V/AV screening mass, M
V
, is consistent with free eld theory. At all T , the A
 
2
screening mass is close to the
S/PS screening mass, M
S




screening mass is harder
to determine because the correlator is very noisy; the central value is consistent with free eld theory, but has very
large errors.
The two parity projected local V and AV correlators are identical. This implies that not only the screening masses,





mix for T > T
c





) correlators coming from
the V and AV non-local meson operators, showing that the  and ! screening states also mix. The non-local S and
PS correlators similarly bear evidence for the mixing of  and a
0




determined from all four A
 
2
correlators at our disposal also argues for a mixing of  and the J
z
= 0 component of
the =!. Thus both the phenomena expected in screening correlators are seen| mixing of states of dierent J and
dierent components of the same J having dierent dispersion relations.
IV. QUARK NUMBER SUSCEPTIBILITIES
A. Denitions





















is the gluon action of interest and M denotes appropriate lattice Dirac operators. The chemical potentials
























Our notational convention is that indices such as f and f
0
run over the avors u, d and s, and indices such as i and
j run over the SU (3) diagonal generators 0, 3 and 8.









































, and T = 1=N
t
a. Conversion to the other basis simply follows using the denitions














)=2 are the baryon
number and isospin densities, respectively. These are densities of (conserved) charges and not of quark number. The








































To lighten the notation, we shall put only one subscript on the diagonal parts of .






at the point 
f
= 0 for all f , yielding much
simplication. For example, each n
f
vanishes, a fact that we utilize as a check on our numerical evaluation. Moreover,
the product of the single derivative terms in eq. (11) vanishes, since each is proportional to a number density. Finally,
since the masses are degenerate, M (m
u
; 0) = M (m
d
; 0) for each conguration of gauge links under study.

























are given entirely in terms of the expectation values of disconnected loops. Such quantities are numerically hard to








with each dened by an obvious




















































































































is the baryon number susceptibility for three avors of quarks. As a result, this expression diers from
the iso-singlet quark number susceptibility for two avors, dened in [6], both in overall normalization and by terms
containing strangeness.
Note that quark masses appear in two places: rst in the determinant in (8) which denes the weights for the
averaging, and second in the trace of the Dirac operators which dene the susceptibilities. The rst is the dynamical
sea quark mass m, and the second is the valence quark mass m
v
. In principle these can be dierent. We work with
light sea quark masses for the u and d avors, as described earlier, and use the quenched approximation for the strange
quark, i.e., set detM
s
= 1. We have earlier reported measurements of these susceptibilities when all the avors are
quenched [8]. For staggered quarks each trace in eqs. (12{14) comes with a factor of 1=4 to compensate for avor
doubling. We dier from the conventions of [6] by this overall factor.














































+ 1=2), for n
0
= 0;    ; N
t









= 0;    ; N
x
  1 for  6= 0. 
s







can then be obtained using eq. (15).
B. Optimizing the measurements
The traces required in measurements of the quark number susceptibility were estimated using a well-known stochas-
tic method. Such stochastic estimators for the traces of N  N matrices can be constructed from ensembles of N -
dimensional complex vectors, R, of which each component, z
































z means rdrd and the complex number z = r exp i) we construct the estimator by multiplying both sides
by a matrix element A

and summing over the indices. The right hand side gives trA. The integral on the left hand



















is the number of vectors used in making the estimate. Note that eq. (17) implies that the factor 2 above is
part of the weight in the average over the ensemble of random complex vectors.
The stochastic estimator for (trA)
2
is a small modication of that given in [6]. We draw L sets of independent























If we draw N
v
vectors in the evaluation of the single trace, then it is simplest to divide these into L sets of N
v
=L







































0.1 20 0.96 (4)  2 (2) 104 (6)
40 0.96 (3)  2:1 (6) 0.98 (3) 0.02 (2) 106 (6)
100 0.96 (2) 0.06 (4)
0.3 100 0.91 (1) 0.06 (4) 96 (4) 0.91 (2) 0.02 (2) 96 (3)
0.5 0.84 (1) 0.05 (3) 88 (3) 0.83 (1) 0.02 (1) 87 (2)
0.75 0.748 (9) 0.05 (3) 78 (2) 0.726 (8) 0.02 (1) 78 (2)
1.0 0.660 (7) 0.04 (3) 70 (2) 0.639 (6) 0.014 (8) 70 (2)








is measured with a single
point source by integrating the local PS correlator.
In [6] the sum above was taken over all pairs, and the diagonal term was removed by subtracting a term equal to a
stochastic estimator for tr(A
2
). In [8] where that method was used, we showed that reasonably large values, N
v
 100




. However, the estimate is facilitated by excluding the diagonal
























































0.1 1.25 1.1274 0.90 (3) 0 (1) 149 (10) 2.00 1.1276 0.973 (7) 0 (1) 84 (2)
0.3 1.1250 0.80 (1) 0.4 (8) 119 (6) 1.1227 0.951 (7) 0 (1) 82 (2)
0.5 1.1203 0.704 (8) 0.2 (7) 99 (4) 1.1248 0.888 (9) 1 (1) 79 (2)
0.75 1.1112 0.598 (6) 0.0 (6) 83 (2) 1.1212 0.849 (6) 0.3 (8) 75 (1)
1.0 1.0988 0.511 (6) 0.1 (5) 72 (2) 1.1162 0.783 (6) 0.4 (7) 70 (1)
0.1 1.50 1.1275 0.96 (1) 4 (3) 99 (4) 3.00 1.1277 0.995 (4) 0.7 (7) 75 (1)
0.3 1.1259 0.903 (7) 3 (2) 93 (3) 1.1273 0.988 (4) 0.7 (7) 75 (1)
0.5 1.1226 0.829 (6) 3 (2) 85 (3) 1.1264 0.973 (4) 0.7 (7) 74 (1)
0.75 1.1162 0.733 (4) 2 (1) 76 (2) 1.1248 0.946 (4) 0.6 (6) 72 (1)
1.0 1.1074 0.646 (4) 1.8 (9) 69 (1) 1.1226 0.912 (4) 0.6 (6) 70 (1)




= 2 with m=T
c




is measured with a























0.075 1.1276 0.97 (1) 2 (2) 106 (5)
0.1 1.1275 0.97 (1) 1 (2) 106 (4)
0.3 1.1259 0.906 (8) 1 (1) 98 (4)
0.5 1.1226 0.828 (6) 0 (1) 90 (3)
0.75 1.1162 0.729 (5) 0.4 (8) 80 (2)
1.0 1.1074 0.641 (4) 0.2 (6) 72 (2)






= 2 with m=T
c
= 0:075 and N
v
= 80.
Since the simulation time increases at least linearly in volume, we need to make a choice of volume which reduces
computation time without introducing large artifacts into the measurements. We have made a detailed study of the
volume dependence of susceptibility measurements at T = 1:5T
c
. As the data in Table V clearly show, there is no









In view of this, we have chosen to make the remaining measurements on 4  12
3
lattices. Close to T
c
we would
expect that the measurements are strongly volume dependent. Based on our estimates of the screening masses we nd
that even at our smallest temperature of 1:25T
c























0.10 0.18 (7) 0 (1) 462 (11)
0.30 0.024 (9) 0.1 (5) 182 (3)
0.50 0.007 (4) 0.1 (3) 122 (2)
0.75 0.002 (2) 0.1 (2) 89 (1)
1.00 0.000 (1) 0.0 (1) 71.4 (8)
TABLE VIII: Susceptibilities at T = 0 in units of T
c










length. This assures us that nite lattice size eects are negligible at the lower end of our temperature range. On the
other end of the scale, by the simple expedient of not going beyond 3T
c
, we avoid the nite volume eects such as the
onset of spatial deconnement.
Finally, one must optimize the conjugate gradient stopping criterion, in which the norm of the residual vector is
required to be smaller than 
p





changed by less than 1 part in 10
4
on changing  in the range from 0:01 to 10
 6
. Increasing  by one
order of magnitude meant a decrease of CPU time by 20{25%. These numbers were reproduced for test congurations
on three lattice volumes, and a variety of T . In actual measurements we chose  to be 10
 5


































= 0:1 (boxes), 0.3 (diamonds), 0.5 (up triangles), 0.75 (down triangles) and
1 (circles); all for m=T
c
= 0:1. For comparison the curves show the measurements in quenched QCD. All the data shown here
is taken on 4 12
3
lattices. The shaded area denotes the mass range for strange quarks.






are collected in Table VI for two avors of dynamical
Fermions with m=T
c
= 0:1. The results of a simulation at T = 1:5T
c
with a smaller m=T
c
= 0:075 are collected in
Table VII. Comparing the two, we see no statistically signicant change in 
3
over this range of masses. While 
3
is
expected to be strongly dependent on m for T ' T
c
in the chiral limit, our results indicate that the dependence of 






limit for T  1:25T
c
are within errors those in Table VI. Table VIII shows that all the susceptibilities indeed vanish
at T = 0 as expected.





While the general trend of the data are similar in the two cases, some quantitative dierences are visible. The most




the ratio is 0.85 at T=T
c
= 3 in the quenched
theory, whereas it is 0.88 for N
f




is almost unchanged on unquenching the Fermions. 
s
changes by less than 3% when the light fermions are unquenched, leading us to believe that the unquenching of the
strange quark will not aect this quantity signicantly.






















when the plasmon term is resummed [19]. Here 
S
is the strong coupling at a scale appropriate to the temperature T .
It is easy to see that this ratio is never less than 0:981 for N
f
= 0 (0:986 for N
f
= 2). This minimum is reached when

S
= =6(6 + N
f




= 1:15 0:05 for N
f
= 0 and 0:49 0:02 for N
f
= 2 [2].
Taking the scale for the strong coupling to be 2T , this means that for N
f
= 2 the minimum occurs at T ' 3300
MS




= 0). Thus in both cases, the weak coupling estimates decrease as a function of temperature




) computation for  approaches the lattice results, and whether any resummations of the perturbation



























for T = 0:75T
c




were both performed on the
same congurations on 4  12
3
lattices [8].
The o-diagonal susceptibility, 
ud
, vanishes for T > T
c





for T > T
c
are of the order of 10
 6
, and hence this is the precision within which this quantity can be said to




and other non-diagonal parts of the avor space susceptibilities can be totally neglected
in constructing other susceptibilities. It is interesting to note that 
ud
is zero in an ideal gas, and perturbative
contributions start at order 
2
S




, we might then
expect 
ud
to be non-zero at the level of 0:04{0:1 (for N
f
= 2) in the temperature range we studied. The substantially
smaller, indeed vanishing, value thus accentuates the puzzle about perturbation theory [24].
The only place where 
ud
is denitely non-zero is for 0 < T < T
c
. A re-analysis of our data in the quenched theory
at T = 0:75T
c
[8] showed that 
ud
diers from zero by over four standard deviations. As displayed in Figure 3, 
ud
scales inversely with the square of the pion screening mass, M

, at this temperature. Since it is known that the
12
hadron masses are independent of temperature from T = 0 to some point rather close to T
c
[21], the only possible
temperature dependence of 
ud





. Note that the spatial
lattice size is such that M

L  10, and nite size eects are negligible. In order to ensure this on 4 12
3
lattices, we
are constrained to use reasonably heavy quarks. The pion screening mass is then rather large. In future we plan to
study 
ud
for T < T
c
in more detail by pushing towards lower pion mass with larger lattices, covering a bigger range
of T and using dynamical quarks.
D. Relation to screening masses
The physics of a plasma lies in screening. However, it is not always clear how screening appears in dierent guises.
Interestingly it can be shown that quark number susceptibility is directly related to screening, and therefore the
non-perturbative physics in the two are likely to be the same. It is possible to present a deductive argument from
rst principles and use the data to illustrate it. Instead, we rst show how the data prefers a relation between  and
the S/PS screening mass M
S
, and then give the group theoretical argument that this is not a numerical coincidence.




at xed T is shown in Figure 4. For large enough m
v
, there is an exponential fall of

3
, which can be qualitatively understood as the eect of Boltzmann factors. It is less obvious that there should be a
threshold m

(T ) below which 
3
is almost independent of m
v
. The data indicates that m

(T ) ' T . Such a threshold





from reaching unity as m
v
! 0, since Figure 4 is just another representation of the data in Figure 2.
The only other observed non-perturbative eect in the quark sector of high-temperature QCD is in the screening
mass in the S/PS channel, M
S





=T . A simple exponential relation between them is seen. The threshold we saw before disappears




. The remaining question is why the two should be related at all.
The answer is simple, and relies on the group theoretical classication of screening correlators and masses according
to the symmetries of the T > 0 transfer matrix in the spatial direction [15]. First, from eq. (14) it can be seen that

3
is the thermal expectation value of a product of two quark propagators sandwiching 
0
U and summed over all
distances. As a result, this quantity can be related to a susceptibility constructed from a one-link separated meson
screening correlator. In the T = 0 notation, this turns out to be a component of the one-link V 3
 +
. For T > 0 this
component reduces to the irrep A
 
2
of the appropriate symmetry group D
h
4
(see Table III). Other correlators which
lie in the same irrep are the one-link separated S and PS 3
00
 
and the a specic component of the one-link AV 3
  
.
In the continuum limit the spectrum of A
 
2
screening masses is degenerate with that of the A
+
1
, since they come from
the same irrep of the continuum O(2) symmetry [17]. The smallest A
+
1
screening mass comes from the S/PS local
propagators which are used to extract M
S



















screening mass seems to be equal toM
S
. We expect that for smaller lattice spacing or on using a Fermion
action which restores the full avor symmetry, the two screening masses should become equal. In this limit, the lines






would only reect dierent operator
overlaps with the same state. This, in fact, is a prediction which should be tested in future.
One further piece of information ts neatly into this group theoretic framework. 
ud
has the same symmetry as 
3
and therefore it is also related to the S/PS correlators at all non-zero temperatures. Since it vanishes for T > T
c
, the
relation is trivial there. However, for non-zero T < T
c





. This relation would be




in the absence of the argument given above.
It is interesting to note that the preceding arguments rest entirely on the group theory of screening correlators and
masses, i.e., on the spatial direction transfer matrix of the nite temperature system. In terms of the Euclidean time
direction transfer matrix, the group theory is the same as at T = 0 and there is no reason for the one-link separated
vector temporal correlator to be related to the S/PS. Thus, the physics of quark number susceptibility is related to
screening correlators and not to temporal correlators.




is related to charge uctuations, it can be observed experimentally in heavy-ion collisions [4]. The
baryon susceptibility, 
0
, and the strange quark susceptibility, 
s
































(for sea quark mass of 0:1T
c






















(boxes). The lines are exponential ts.
corresponding quantities [5]. Also, 
s
is related by a uctuation-dissipation theorem to the total amount of strangeness
produced in equilibrium, and hence can be used to probe departures from equilibrium in heavy-ion collisions. Given
the relevance of these quantities to the experimental search for the quark-gluon plasma, we have collected our results
in an easily usable form in Table IX.






are essentially controlled by 
3















 2. Closer to T
c
, but still in the hot phase, if 
s
is also neglected,




 5=2. In fact, we nd that this ratio decreases from 2:13 0:08 at 1:25T
c


























1.25 0.80 (3) 0.538 (5) 0.71 (2) 0.76 (2)
1.50 0.848 (9) 0.657 (4) 0.785 (6) 0.817 (8)
2.00 0.863 (6) 0.757 (6) 0.828 (5) 0.846 (5)
3.00 0.883 (4) 0.841 (4) 0.869 (3) 0.877 (3)
TABLE IX: Susceptibilities (in units of their values for an ideal gas) obtained for degenerate dynamical u and d quarks of mass
17 MeV and quenched strange quarks with m = 125 MeV. Susceptibilities below T
c
are discussed in the text.
This shows that 
s
is signicant at all temperatures in the plasma, but certainly becomes closer to 
3
with increasing





also falls from 0:95  0:03 at T = 1:25T
c
to 0:696  0:004 at T = 3T
c
(it is 2/3 in the T ! 1 limit);
therefore strangeness uctuations become more signicant than charge uctuations with increasing T .
In the low-temperature phase, 0 < T < T
c
, uctuations are dominated by the avor o-diagonal contribution. We





, i.e., uctuations are due to the lightest particle of given avor.
Although the value of 
ud
is extremely small, the measure of uctuation is the ratio of  and the entropy density [4].
While there are no reliable measurements of the entropy for T < T
c
, it is known to be small. It is presently an open
question whether the ratio is smaller for T < T
c
or on the other side of the QCD phase transition.
Assuming that the inverse relation between 
ud
and the pion mass generalizes to other avor o-diagonal sus-




 1=4 for T < T
c
. Corrections to this number are then












. These might further lower the ratio by 15{20%. As a result, in the













that we have measured above T
c
.
B. Screening and susceptibilities
In Euclidean quantum eld theories at T = 0, transfer matrices in all directions are isomorphic, and one, for example,
can focus on the time-direction transfer matrix|T = exp( Ha) (here H is the Hamiltonian and a the lattice spacing).
The eigenvalues of T determine the hadron spectrum. The transfer matrix and, hence, its eigenvalues do not change
with temperature. Specically, the symmetry of the transfer matrix remains the rotational O(3) symmetry which is
used to classify particle states at T = 0.
At nite temperature or chemical potential all directions are not equivalent. As a result, T is not the same as
any spatial direction transfer matrix. These have a totally dierent symmetry, C, that of the cylinder, as discussed
extensively in the literature [15, 16, 17]. If the two lowest eigenvalues belonging to the scalar of C become degenerate,
then a phase transition occurs. In general, the eigenvalues of this transfer matrix determine screening masses in
equilibrium. Breaking of O(3) to C implies strange phenomena like the `mixing' of dierent spins, or dierent states
of the same spin taking on independent dispersion relations [18]. While these phenomena are strange, they are not
new| the group theory is familiar from the textbook examples of the comparison between the hydrogen atom and




Lattice studies of screening correlators have hovered on the verge of this phenomenology. If it has not received
widespread attention in the past, that is merely due to the practical diÆculties of measuring some of the non-trivial
irreps of C, as we show for the rst time in Table IV. The equality of parity projected correlators was used in Section




. The equality of screening masses also
gives some evidence for the mixing of  with the J
z
= 0 component of the =!, causing a splitting in the screening









comes from precisely the same physics as the mixing of dierent spins
at nite temperature. The same argument also implies that since uctuations are observable, screening phenomena
are physical.
C. Future directions
Several directions for future work are clear, and have been discussed in the body of the paper. Here we collect what
seems to us the most important and fruitful possibilities.
15
One direction for future work is to examine as many of the non-local screening correlators as possible, in order to
gather further information on all the quantum numbers that screening correlators can come in [15]. As we have seen,
this requires large lattices and immense statistics, and may well prot from the use of new noise reduction techniques





is not explained in perturbation theory. We noted this in a quenched computation [8], and
have veried it in the dynamical QCD computation here. The small dierence (roughly 3%) between the quenched
and dynamical results is also signicant. Explanation of these results stand as invitations to those who resum
the continuum high-temperature perturbation theory. Future lattice computations will need to push towards the
continuum limit. Work in this direction is in progress, and will be reported soon.
As explained before, 
ud




. This is several orders of magnitude larger than the largest result that our measurements can tolerate. This
observation also is an invitation to perturbation theory.
The o-diagonal susceptibilities are non-vanishing only in the range 0 < T < T
c
. This region of temperature is
hard to study, since all the complications of T = 0 QCD remain, and none of the simplications of T > T
c
QCD start.
On the other hand it is important input to studies of uctuations in heavy ion collisions. We have reported a rst
quantitative observation here. Future work will push towards more realistic quark masses, taking the thermodynamic
limit, and examining a larger range of temperatures.
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